We show that the cylindrical symmetry of the eigenvectors of the photon position operator with commuting components reflects the E(2) symmetry of the photon little group. The position eigenvectors have definite angular momentum parallel to their axis of symmetry and rotation of this axis results in a Berry phase displacement. Systematic use of this photon position operator leads to a quantum mechanical formulation consistent with classical electromagnetism that is extended here to include number density.
I. INTRODUCTION
Newton and Wigner (NW) found position operators with commuting components and spherically symmetric eigenvectors for massive particles and for massless particles with spin 0 and 1 2 [1] , but their construction failed for photons. A photon position operator with commuting components does exist [2] [3] [4] , but its eigenvectors are cylindrically symmetrical and it does not transform like a vector under rotations. We show that this cylindrical symmetry is isomorphic to the two dimensional Euclidean (E (2)) symmetry of the photon's little group [5] and that the additional term in the transformation law of the position eigenvectors under rotations and boosts describes a Berry phase [6] displacement of the centroid of its eigenvectors. We note that this displacement is consistent with the observed shift of the centroid of an optical beam [7, 8] . The eigenvectors of this position operator define a configuration space wave function that is consistent with the classical energy flow formulation [7] and photon dynamics is described by classical ray equations promoted to operators.
Position operators are key but controversial objects in the study of particle localization in field theory. The understanding of localization in the relativistic regime is complicated by the many reasons given for its nonexistence [9] . It is widely believed that: the relationship between number density and current is nonlocal due to the NW factor ω 1/2 , fields do not propagate causally because they are restricted to positive frequencies, absence of a time operator is problematic, and the usual imposed conditions of spherical symmetry and transformation forbid a position operator for massless particles with spin greater than fined that is positive definite even for real fields [11] , on a spacelike hyperplane time is determined by position and, as discussed here, the cylindrical symmetry of the photon's little group leads to a position operator that does not transform like a vector.
Derivation of the position operator with commuting components [2] was based on the assumption that position is the coordinate x that appears in the field operators and classical expressions such as the angular momentum density x× (E(x, t)×B(x, t)). This position operator is the k-space operator that extracts x from these fields. Its eigenvectors have define helicity and quantized angular momentum (AM) in some definite but arbitrary direction like a twisted light beam. The photon wave function can then be defined as the projection of the photon state onto a basis of position eigenvectors.
The plan of the paper is as follows: In Section II the Poincaré and position operators and their commutation relations are summarized. The position eigenvectors have definite (total) AM which is not separated into spin and orbital parts. In Section III the cylindrical symmetry of the position eigenvectors, their relationship to the photon little group, Wigner translations derived in [12] using the Pryce position operator [13] , and rotation of the axis of cylindrical symmetry are discussed. In Section IV the photon wave function is written as the projection of its state vectors onto a basis of position eigenvectors, in Section V equations for the operator dynamics of refracted and reflected beams are derived, in Section VI application to optical beams is discussed, and in Section VII we conclude.
II. POINCARÉ AND POSITION OPERATORS
The Poincaré group describes the fundamental kinematic symmetry of a relativistic particle [12] . The generators of translations in space and time, rotations and boosts are the momentum, Hamiltonian, AM and Lorentz boost operators, P, H, J and K respectively. These Poincaré operators satisfy the commutation relations [5] . Here this operator algebra will be extended to include position operators. Only the position operator with commuting components defines a basis of position eigenvectors and provides a well defined notion of photon position consistent with the position coordinate in classical electromagnetism. It is this operator that will be used here, although the Pryce position operator will also be discussed.
In k-space P = k and the photon position operator with commuting components is unitarily equivalent to the spinless nonrelativistic momentum space position operator i∂ k , namely, it is given by x = Dk
Here k is the wave vector, θ and φ are the k-space spherical polar angles, χ (θ, φ) is the third Euler angle, the k-space spherical polar unit vectors are e θ , e φ and e k , the definite helicity unit vectors are
S i are the Cartesian components of the spin operator S, the helicity operator is σ ≡ e k · S, and ∂ k is the kspace gradient. It was found in [10] that α = 0 for the covariant position operator, so the position operator with commuting components will be written as [4] 
where
The Euler angle χ (θ, φ) is the most general rotation about e k so any possible transverse basis is a set of eigenvectors of (3) for some χ (θ, φ). Since experiments are often performed on optical beams that have definite angular momentum in some fixed direction, the case χ = −mφ for which
is of special interest. It is known that
is a Berry connection with curvature ∂ k × σa (m) = − σe k /k 2 [3, 8, 14] . The m = 1 basis has no singularity in the θ = 0 direction. For parallel transport generated by the rotation dξ, we have dk = dξ × k, and hence
so the Berry phase shift is σΩ where the m-independent solid angle subtended by a loop of the photon's path is [3, 15] ,
In terms of the Pryce position operator [13] 
the position operator with commuting components is
Since [ x P i , x P j ] = iǫ ijk k k /k 3 , which can be written as x P × x P = −i σk/k 3 , it is straightforward to verify that our position operator (3) does indeed have commuting components:
In addition to having commuting components, the position operator (3) commutes with the helicity operator and satisfies the usual momentum-position commutation relations. Using P = k and H = ck, we write
In the Heisenberg picture where d O/dt = O, H /i , the vacuum photon velocity operator is thuṡ
The Poincaré operators J and K are unambiguous, but the choice of position operator determines their partition into intrinsic and extrinsic AM. The Foldy operators [16] 
where J (0,a) is the intrinsic AM of the basis states. The superscript (0, a) refers to the position eigenvector at the origin for a particular choice of a. The boost operator is
Poincaré transformations are generated by the unitary operator [5] 
in which ξ describes a rotation through angle ξ, β is a Lorentz boost, x is a spatial displacement and t is time.
The change in an operator O due to the infinitesimal unitary transformation
A Lorentz transformation from the instantaneous t = 0 hyperplane to an arbitrary spacelike hyperplane leads to a position dependent time coordinate, t = −γβ·x/c. The boost K gives the required phase change −β · K/ = β · xk = ckt in (17) and thus provides a covariant description of the basis of position eigenvectors without the need for a time operator.
III. TRANSFORMATION PROPERTIES OF THE POSITION BASIS
The Wigner little group operators for a specific four-
For a zero mass particle, it is common, for convenience, to take k parallel to the 3-axis
In L 1 and L 2 the component of J needed to compensate for the boost is rotated about e 3 relative to K from e 1 to −e 2 or from e 2 to e 1 , that is it lags K by π/2. These operators are an E (2) subalgebra of the Poincaré group that satisfy the commutation relations
Since L 1 and L 2 commute they can be simultaneously diagonalized and their linear combinations have a continuum of eigenvalues that is not observed, therefore, their common eigenvalue must be 0. The operators L 1 and L 2 generate gauge transformations [5, 18] . A circularly polarized (CP) plane wave with wave vector parallel to e 3 is an eigenvector of J 3 with eigenvalue σ and an eigenvalue of L 1 and L 2 with eigenvalue 0. We will show in the next paragraph that these properties of the little group extend to the position eigenvector at the origin. Then, in the remainder of this Section, the effect of rotations and boosts on the position operators x P and x will be investigated.
For simplicity a basis of the form (5) with m = 1 and no string singularity on the +e 3 -axis will be considered for which
and the k-space position eigenvector at the origin is e (1)
To describe rotations about fixed axes and boosts in fixed directions, the connection a (1) will be written in terms of the Cartesian unit vectors e 1 , e 2 and e 3 that are the same in k-and in real space. In k-space the cylindrical polar unit vectors are e 3 and e φ = − sin φe 1 + cos φe 2 , e κ = cos φe 1 + sin φe 2 , (21) while the spherical polar unit vectors are e φ and e k = cos θe 3 + sin θe κ , e θ = − sin θe 3 + cos θe κ . (22) Substitution of (21) and (22) in (14) and (16) with a in the superscript suppressed gives
When operating on the position eigenvector (20) at the origin, Je
and Ke
(1) σ so we only need to consider the intrinsic part of J and K given by (23) and (24) respectively. Position eigenvectors at arbitrary x can then be generated by operating on (20) with the unitary transformation (17) to give e (1)
σ is an eigenvector of J 3 with eigenvalue σ . More generally, it can be proved that
σ . Since the second term in (23) lags (24) by π/2 for any φ it is exactly the rotation needed to compensate for a boost in the 12-plane. Thus the little group that leaves the position eigenvector at the origin invariant and hence describes its symmetry is just Wigner's zero mass little group,
The Poincaré, little group and Pryce position operator commutators are discussed in [12, 19] . The commutators
are equivalent to (4) and (10) in [12] . The first term on the right hand side of (26) arises because the energy and position operators do not commute, a feature of the quantum mechanics of both massive and massless particles. As discussed at the end of Section II, this term transforms a basis of position eigenvectors defined on an instantaneous hyperplane to the reference frame of a moving observer, giving k·d x = kdβ · x. The position operator with commuting components, x, has the additional feature that it defines a basis with an axis of symmetry. It is related to the Pryce position operator through x = x P − σa. We will now show that the additional term in the position operator with commuting components describes rotation of the axis of symmetry of this basis. We return to the general case since a (θ, φ) is needed to describe a basis with axis of symmetry not parallel to e 3 . While the momentum, angular momentum and boost operators transform like three dimensional vectors, for x it can be shown that
If a = a (1) , from (23) we see that J 3 = σ is a constant so J 3 , x 1 = i x 2 , J 3 , x 2 = −i x 1 while, according to (11) , [ x 1 , x 2 ] = 0. Thus J 3 , x 1 , x 2 is a realization of the E (2) algebra that effects actual infinitesimal transformations in configuration space. A nonzero commutator between x and J or K implies a infinitesimal change in the position operator. For a rotation dξ and a boost dβ, (18) gives
For constant dξ and dβ the corresponding changes in the position operator are
The terms in round brackets are σ multiplied by a change in the Euler angle χ (θ, φ) where, in (29),
Rotation about an axis in the 12-plane will change the axis of symmetry of the basis. For rotation though an angle dθ about a fixed axis that makes an angle ϕ with the e 1 axis, dξ = −dθ (cos ϕe 1 + sin ϕe 2 ) = −dθe κϕ . The boost dβ = dθ (−sinϕe 1 + cos ϕe 2 ) = dθe ϕ leads dξ by π/2 so that dχ ξ = −dχ β = ka (1) (θ) cos (φ − ϕ) and the change in Euler angle introduced by boost cancels that due to the rotation. For a finite rotation about e κϕ this Euler angle can be integrated over θ to give
A vector potential that is transverse on an instantaneous hyperplane satisfies both the Coulomb and the Lorenz gauge conditions. It will not remain transverse after a boost, but it will still satisfy the Lorenz gauge condition: For a Lorentz boost of the form k ′ = γ (k−dβk), to lowest order in dβ, γ = 1, dk = −kdβ and dA 0 = −A·dβ. Thus kdA 0 = dk · A and the Lorenz gauge condition is satisfied. Since the rotation operator maintains transversality and does not introduce a scalar component into the four-potential, this uncompensated gauge change must be attributed to the boost.
The position operator x describes the center of AM, while the Pryce operator x P = x + σa (1) describes the orbital AM relative to this center. When applied to the position eigenvector at the origin,
σ so the orbital AM is σ a (1) × k. The position operator x obeys the commutation relations (27) and (28), while for x P (25) and (26) are satisfied. These commutation relations are similar except that (27) and (28) contain terms that rotate the axis of symmetry, while (26) contains a term −i σ ǫ ijk k k /k 2 not present in (28) due to noncommutativity of the components of the Pryce position operator. The extra term in (26) is equivalent to the second term on the right hand side of (10) and the right hand side of (13) in [12] . (28) this 'Wigner' term is absorbed into x that has commuting components.
IV. PHOTON WAVE FUNCTION
The transverse part of the classical AM can be written as [20] 
plus a surface term where (S i ) jk = iǫ ijk are the O (3) spin matrices [2] . This is very suggestive of the biorthogonal scalar product based on E · A used in [10] . We will follow the notation in [10] where biorthogonal quantum mechanics and the manifestly covariant normalization condition 1 σ,k |1 λ,q = (2π) 3 2ω k δ (k − q) δ σλ are used. The onephoton position eigenvectors were defined there as
where D x ≡ −∂ 2 x and ǫ = + denotes positive frequency while ǫ = − is negative frequency. The use of c D 1/2 in place of i∂ t to extract a factor ω k = kc that is positive for ǫ = + and ǫ = − leads a positive definite probability density for both positive and negative frequency fields [11] . The A-like and E-like basis states are biorthogonal and complete in the sense that
The normalized k-space wave function describing the one-photon state |ψ is
where c ǫ σ = 1 kσ |ψ and |c
dx ψ|A
is the positive definite probability density, and
For neutral particles such as photons the field is real, so c
The k-space wave function of the eigenvector of x on the t instantaneous hyperplane with eigenvalue x and helicity σ is
In biorthogonal quantum mechanics ψ is the dual of |ψ and the expectation value of an operator O is of the form ψ O ψ [21] . In k-space
In configuration space, insertion of (37) twice gives
where the probability amplitude is given by (40) . For simplicity only operators of the form [10] . The biorthogonal formalism is consistent with the energy flow approach of Ref. [7] except that in the former the treatment of frequency is exact. Both of these formalisms make use of k-space spherical polar unit vectors of the form (2). The correspondence is given by replacement of c σ (k) and Ψ σ (x, t) here with E σ and E (x) / √ ω k respectively in [7] . We have retained the notation of [10] to emphasize that c σ (k) and Ψ σ (x, t) are probability amplitudes multiplied by the strictly constant factor /ǫ 0 with no ω k dependence. In [7] the photon operators are written in the helicity representation where momentum is rotated unitarily to the 3-axis and the Pryce position operator is i∂ k + σa (1) ×k. For a monochromatic beam (46) is equivalent to the energy flow expressions [7, 23] when written as
Many interesting experiments have been performed on photon states with a well defined axis of symmetry and AM. The simplest example of a beam with spin and orbital AM is the Bessel beam in which all wave vectors make the same angle θ with some e 3 [4, 7, 24] . Evaluation of the photon wave function in cylindrical polar coordinates gives an integral over such Bessel beams:
and
Here k ⊥ = k sin θ, x ⊥ is the distance from the axis of symmetry, ϕ is the angle x ⊥ makes with e 1 , ς = π 2 − φ + ϕ, J n (k ⊥ x ⊥ ) are Bessel functions of the first kind and n = l + σ − 1, l + σ and l + σ + 1. The unit vector e respectively [4] . The factor e ilφ contributes an additional orbital AM l so the e 3 -component of total AM of a photon in this beam is (σ + l) . The average spin and orbital quantum numbers are s 3 = σ cos θ and l 3 = l + σ (1 − cos θ) in agreement with the energy flux calculation in [23] and the intensity distribution in [7] . For the Bessel beam c σ (k) = 2πδ (θ − θ 0 ) δ (k − k 0 ) the wave function reads
which, to zero order in θ 0 , yields
V. HETEROGENOUS MEDIA AND FIBERS
A possible application of rotation of the axis of symmetry of the position eigenvectors, as described by the position operator with commuting components, is to refraction and reflection due to position dependence of the index of refraction n (x). We derive an expression for the shift of the photon position at the interface between two homogeneous media.
Refraction at a planar interface is described by Snell's law. A beam with speed v i = c/n i in a medium with refractive index n i incident on a planar interface at angle θ i to its normal and passing into a second medium with refractive index n t is refracted to angle θ t . The normal to the interface is e n = e 3 and the 13-plane is the plane of incidence. Photon energy ω is conserved, that is refraction and reflection are adiabatic. By symmetry, the force on a photon must be parallel to e n , so the momentum in the plane of the interface is conserved and ∆p n = F∆t where F∆t is the impulse. With zero order Hamiltonian
the force evaluated in configuration space is
For a step interface at x n = a, n (x) = n i + (n t − n i ) H (x n − a), H being the Heaviside step func-
We return to k-space and write the incident wave vector k i and the transmitted wave vector k t . From the conservation of both energy and the components of linear momentum in the plane of the interface, we obtain, using the identity F∆t = ∆k, the following relations:
Eq.
(55) substituted into (56) gives Snell's law, sin θ i / sin θ t = n t /n i = v i /v t . The component of linear momentum in the plane of the interface, p ⊥ = p − e n (e n · p), is conserved. The photon also can have AM so it experiences an impulsive torque that acts on its AM operator, J= x×p+ J (0) . For an infinitesimal torque due to F, d J = d x × p+ x × dp+d J (0) = x × Fdt where, since dp = Fdt, the x× dp term is cancelled by the impulse torque x × Fdt, leaving
A wave packet with central momentum p c is considered in [8, 14, 25] . The position basis will be defined so that its axis of symmetry is parallel to p c with AM in this direction equal to σ so that
Since dp c and hence d J 
n , the shift in the centroid of the wave packet can be written as
where e φ is perpendicular to the plane of incidence and p c⊥ = k c⊥ = p c sin θ i is conserved. Since p c⊥ is a constant, (60) can be integrated to give ∆ J (0) c = σ (cos θ cf − cos θ ci ) for f = t, r and the finite displacement operator
where ∆ x φ = σ∆a (1) . This transverse shift is perpendicular to both the force applied by the interface and the axis of the beam's AM. For reflection, θ cr = π − θ ci gives
If the photon is absorbed by a particle, an impulsive force − k i cos θ i and torque − m σ cos θ i act on that particle. Eq. (61) describes the change in the position basis required to rotate the intrinsic AM J (0) while keeping J n fixed. It is not the conserved component of physical AM of the beam, ψ J n ψ , discussed in [27] [27] is in a different basis so they cannot be combined. However, if the Fresnel equations are used to calculate the perpendicular and parallel reflection and transmission probabilities in the usual way [30] , position bases with different axes of symmetry can be used to evaluate and interpret the i, t and r terms separately.
A comparison can be made with the equations derived in [8, 14, 25] by writing dynamical equations for the photon operators. The cross product of p c with (58) with substitution of
and (59) gives for the rate of transverse displacement of the centroid of a pulse
When written in terms of the derivative with respect to the optical path length l = ct/n and force F = dp c /dt given by (54) and −∂ x n −1 written as n −1 ∂ x ln n, this is just the transverse part of (17) in [25] or (27) in [14] . Its expectation value gives the transverse term in (1) of [8] in the paraxial limit. Eqs. (54) and (63) are just the geometrical optical equations for the trajectory of a ray derived in [14, 25] with σ and x promoted to operators. A Hamiltonian of the form
is considered in [25] and in [28, 29, 38] . In [25] it is used to derive canonical photon ray equations and in [28, 29, 38] it is the basis for the theory of electron and photon spinorbit interaction in a cylindrical waveguide. In (64) the spin operator has been generalized to the intrinsic AM J (0) that equals times the helicity operator σe k at center wave vector k = k c . The position basis will be defined so that its axis of symmetry is parallel to k c . In config-
with the commutator in its last term given by (32) . When evaluated at k = k c where J (0) = σe kc , the second term on the right hand side of (65) is the transverse shift (63) and its third term is zero. From (32), for θ = φ = 0 and ϕ = π/2 describing rotation of k c about e 2 the last term of (65) is zero. The last two terms of (65) reflect the mathematical complexity of the dynamics of a wave packet. For k = k c the wave packet spreads consistent with (12) in vacuum, while its centroid, with wave vector k c , propagates with speed c/n (x) with a transverse displacement described by (63).
In a cylindrical wave guide described by the coordinates (21) the unit vector normal to the interface is e κ = e n so J κ and the components of momentum in the plane of the interface, p φ and p 3 , are conserved. With the position basis defined such that e 3 is parallel to the axis of symmetry of the wave guide, the angles of incidence and reflection are π/2−θ and π/2+θ respectively. Modes of the form ψ σ,l3,m ∝ ϕ lm (x ⊥ ) e i(βx3+l3φ) e σ were investigated theoretically and experimentally in [29] . Photons in a beam with extrinsic orbital AM l 3 e 3 have wave vector k =βe 3 + (l 3 /x ⊥ ) e φ , center wave vector k c =βe 3 so the last term of (64) can be written as
This is the spin-orbit Hamiltonian used in [28, 29, 38 ] to describe rotations of spatial patterns in a straight fiber. Based on the discussion here we would say that, for nonparaxial beam, it is more accurate to call it the intrinsicextrinsic AM interaction due to the force confining the photon beam to the fiber. With the Hamiltonian (64) where H 0 is given by (53), (54) and (65) are in the interaction picture. These operator equations are of the same form as the classical geometrical optics equations derived in [14, 25] and satisfy the usual quantum mechanical commutation relations. Quantum mechanical operators are time dependent in the interaction picture, while in the Schrödinger picture they are time independent. Since energy is conserved when a wave packet or beam is refracted or reflected, solving Maxwell's equations in a medium described by n (x) is the photonic equivalent to solving Schrödinger's equation at fixed energy in the presence of a potential energy function V (x).
VI. DISCUSSION OF THE OPTICAL BEAM LITERATURE
In this Section application of bases of position eigenvectors to optical beams will be discussed in the context of the recent experimental and theoretical literature. We will discuss refraction, the relationship of the position operator formalism to classical electromagnetism, geometrical optics, transfer of linear and angular momentum to a particle, focusing, phase shift in an optical fiber and position-momentum uncertainty.
The shift in the centroid of a wave packet due to refraction at an interface is discussed in Section V. This is a photonic version of the spin Hall effect proposed in [8] where our (61) is equivalent to their Eq. (4). It was claimed in [27] that the general conservation laws for a beam's AM do not obey the one-particle equations. Also, the initial conditions used in [8] do not represent the most general case [31] . Hosten and Kwiat observed the helicity-dependent displacement at the air-glass interface and saw that, while the assumptions in [8] are correct, they contain rather unfavorable initial conditions and that observations support the predictions of [27] . Transmission and reflection probabilities depend on polarization as described in detail in the Supporting Online Material to [31] that is not explicitly taken into account in [8] . Our contribution to this debate is the observation in Section V that in the operator approach the reflected and transmitted pulses are described in different position bases that are rotated relative to the incident pulse, while in a Maxwell equation based approach [27] it is the fields that are rotated.
Eqs. (40) and (47) illustrate the relationship of the position eigenvector formalism to classical electromagnetism, where (40) is the probability amplitude and (47) is the classical AM derived in [20] . Eq. (A1) in Appendix A of [7] is identical to (40) here for E (x, t) = √ ωψ (x, t) and E (k) = c ǫ (k). The operator expectation values (46) are consistent with [7] and the classical calculation of the displacement of the centroid of a beam [32] . The difference is that here the usual rules of quantum mechanics are followed, the wave function is the projection of the photon state vector onto a basis of position eigenvectors, (46) is a true quantum mechanical expectation value, and position is uniquely identified as the parameter x in the plane wave Fourier decomposition. There appears to be no natural separation of photon AM into spin and orbital parts [20, 33, 34] , and the basis of position eigenvectors (45) used here does not require this separation. Since the eigenvalues of x are just the position coordinates x that appear in the classical fields and field operators and both positive and negative frequency fields are included, all of the arguments presented here are consistent with classical electromagnetism. The operator equations derived here are consistent with quantization of classical geometrical optics. They suggest the physical picture that the path of a photon is the path of a classical ray.
The linear and angular momentum of a photon can be transferred to a particle. It has been observed that a small particle trapped in a bright ring of a circularly polarized high-order Bessel beam simultaneously spins on its axis and orbits the beam centroid [35] . Eq. (51) is the wave function of a monochromatic Bessel beam. Photon probability density is independent of t and x 3 and its transverse profile is a series of bright rings. A photon in this beam has transverse wave vector k ⊥ = k ⊥ e φ , a radial position vector x ⊥ pointing outward from the beam axis and extrinsic orbital AM l e 3 . If it is absorbed, its linear momentum k ⊥ and total AM (σ + l) e 3 will be transferred to the particle causing it to spin on its axis and orbit the beam axis [36] . In the position basis formalism used here, σ e 3 is not separated into spin and orbital parts. At a fundamental level it is total angular and linear momentum that is conserved [20] so the applied torque on an absorbing particle is proportional to the total AM of the photon. Extrinsic orbital AM of the particle is better described as the result of a linear momentum component directed at a tangent to the radius vector [35] .
The eigenvectors of x are an idealization of an ultrafast pulse tightly focused to position x for an instant. A CP beam with center wave vector k c = k c e 3 can be focused to a point (0, 0, x 3 ). Since refraction by the lens conserves the component of AM parallel to its axis of symmetry, the total AM per photon in the focused CP beam is still σ e 3 . At t = 0 the position eigenvector |A ǫ σ (0, 0, x 3 , 0) given by (40) evaluated in the limit of 4π focusing and infinite linewidth describes the conversion of spin into orbital AM. This conversion has been observed: focusing of a beam carrying spin AM can induce orbital AM which drives the orbital motion of micron-sized metal particles [36] .
In an optical fiber photon position and momentum are constrained and phase differences are measured. A right-handed CP beam cycling around a closed circuit in k-space acquires a phase shift relative to a left-handed CP beam of 2Ω = 4π (1 − cos θ) per loop predicted in [15] , confirmed experimentally in [37] , and given here by (8) . It was predicted in [29] that electrons and photons experience a universal geometric phase shift even in a straight waveguide that can be described by perturbation theory with spin-orbit coupling which in the paraxial limit is proportional to s 3 l 3 . This effect has recently been observed in dispersion-taylored straight few-mode fibers [38] where x 3 was varied by cutting the fiber and the linear polarization was observed to rotate with x 3 at a rate proportional to s 3 l 3 . In these experiments, photons in the input beam have extrinsic orbital AM l 3 . They are described by the interaction Hamiltonian (66) discussed in Section V. Use of Maxwell's equations to obtain exact wave functions as in the Supporting Online Material to [38] is analogous to solving this problem in the Schrödinger picture.
The photon position-momentum uncertainty relation is controversial [9, 39] due to the generally held belief that there is no suitable photon position operator with commuting components. But we claim that such a position operator does indeed exist and its properties reflect the symmetry of the photon little group. Based on this position operator the photon position-momentum uncertainty relation can be derived in the usual way [40] : |φ ≡ ( x i − iα p j ) |ψ , φ|φ = x
VII. CONCLUSION
In a previous publication [10] we addressed objections to the existence of localized states of neutral bosons as follows: In biorthogonal quantum mechanics there is no NW ω 1/2 k nonlocality so in k-space energy density is simply ω k times number density, while in configuration space the electric and magnetic fields are derivatives of the probability amplitude, and this relationship is local. Probability density exists in exactly the same sense that energy density exists. In [10] we also made use of a scalar product that leads to a continuity equation and a probability density that is positive definite for both positive and negative frequency fields. This means that one can do quantum mechanics using the real fields that describe neutral particles in quantum field theory and classical electromagnetism.
Photons are the most important but also the most problematic of the neutral bosons. They are important because they are the subject of many experiments, including some that are intended as tests of quantum mechanics itself. They are controversial because most theorists believe that there is no acceptable photon position operator with commuting components that would lead to a basis of position eigenvectors. We argue here that such an operator does indeed exist and that its properties are a consequence of the symmetry of the photon little group. The extra term in its commutation relation with the rotation and boost operators describes rotation of the axis of symmetry of its eigenvectors and the observed Berry phase shift.
The quantum mechanical formulation that we have presented is an extension of the classical energy flow approach and ray optics. The photon wave function is real and so is consistent with classical electromagnetism. However it is based on quantum mechanical principles and includes a position operator with commuting components and a well defined probability amplitude whose time and space derivatives are the electric and magnetic fields. Since the relationship between photon probability density and energy density is a local one, there is no conflict between localization of probability density and energy density.
